Abstract-Re-entrant lines are widely used in many manufacturing systems, such as semiconductor, electronics, etc. However, the performance analysis of re-entrant lines is largely unexplored due to its complexity. In this paper, we present iterative procedures to approximate the production rate of re-entrant lines with Bernoulli reliability of machines. The convergence of the algorithms, uniqueness of the solution, and monotonic properties, have been proved analytically. The accuracy of the procedures is investigated numerically. Finally, a case study of automotive ignition component line with reentrant washing operations is introduced to illustrate the applicability of the method. The results of this study suggest a possible route for modeling and analysis of re-entrant systems.
main tools used for performance evaluation in such studies (see, for instance, representative papers [10] - [19] ). Most of them assume either infinite buffer capacities or reliable processing of materials.
In spite of these efforts, there is still a need to develop an accurate analytical tool to estimate the performance of re-entrant lines, in particular, lines with unreliable machines and finite buffers. Such a tool would be desirable and useful for many large volume manufacturing industries. The goal of this paper is to contribute to this end. Specifically, we develop an analytical method to estimate the production rate of a reentrant line. The basic idea of the method is to approximate the M -machine re-entrant line by a 2M -machine serial line. The first M -machines are dedicated for first time jobs and the latter M -machines for second time jobs. The machine parameters are modified to take into account the multiple processing of jobs. Specifically, two iterative procedures have been developed to obtain these parameters recursively. It is proved that these procedures are convergent and the unique steady state solution exists. The main contribution of this paper is the development of such procedures which can be used to approximate the production rate of re-entrant lines.
The remaining of the paper is structured as follows: Section II formulates the problem. The modeling and analysis method is presented in Section III. Section IV introduces a case study in designing ignition component line with reentrant washing operations. Finally, Section V presents the conclusion of the paper. All proofs are provided in the Appendix.
II. PROBLEM FORMULATION
A typical structure of a re-entrant line is shown in Figure  1 , where the circles represent the machines and the rectangles are the buffers. The following assumptions address the machines, the buffers, and their interactions. MoRP-A01.1
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two consecutive machines. After first time processing at machine m M , all jobs are sent to buffer b 0 , waiting for second time processing. Then the jobs are reprocessed at machines m i , i = 1, . . . , M , but through buffers b 2i , i = 1, . . . , M −1. Jobs leave the system after being processed at m M for the second time. 2) All machines have identical processing times. The time is slotted as cycle time. 3) Each machine m i , i = 1, . . . , M , is characterized by its reliability p i , i.e., at each cycle, m i has probability p i to be up and 1 − p i to be down. When it is up, it is capable of processing a part. When the machine is down, no production takes place. Remark 1: Assumptions 2) and 3) formulate the Bernoulli reliability model of the machines. In our experience, many production systems, such as assembly type systems, where the machine downtime is comparable to machine cycle time, obey this reliability model. In such systems, the majority of the machine breakdowns is due to pallet jam, push button stop, etc., and only a short period of time is needed to correct these problems. In contrast, exponential machine reliability models are typically suitable for operations where relative long repair times, compared to their cycle times, are required to fix the machine breakdowns. An exponential line where machines may have different speeds, up-and downtimes can be transformed into a Bernoulli line using exp-B transformation ( [8] ). Lines with geometric and exponential reliability machines will be addressed in future work. Assumptions 1)-7) defines the system under consideration. In the time scale of the time slot, these define a stationary, ergodic Markov chain. The steady state of the chain is considered in this work. We refer to this steady state as the normal system operations.
Let P R be the production rate of the system, i.e., the average number of parts produced by the last machine per time slot. The problem addressed in this work is formulated as follows: Given production system 1)-7), develop a method for evaluating the production rate as a function of the system parameters.
A solution to the problem is presented in Section III.
III. MODELING AND ANALYSIS

A. Idea of the Approach
The main difficulty of analyzing re-entrant line is that the machines are used for multiple processing of jobs. In addition to the complexity typically existed in serial lines, more difficulties coming from the allocation of machine capacity to multiple processing of jobs, the priority loading and the dedicated dispatching policies, etc., make the exact analysis of system performance all but impossible. Therefore, approximation method is pursued in this work.
The idea of the approximation is illustrated as follows: Consider a two-machine re-entrant line depicted in Figure  2 . Denote the production rate of machine m i , i = 1, 2, to i . It is clear that m 2 works on second time jobs as long as buffer b 2 is not empty. Therefore, the availability of m 2 to second time jobs is p 2 , which implies that the production rate on second time jobs, pr (2) 2 , equals to the probability that m 2 is up and not starved by b 2 . Machine m 2 is available to first time jobs only when m 2 is up but could not process second time jobs (i.e., b 2 is empty). It is equivalent that a machine with reliability p 2 − pr (2) 2 is available to first time jobs. Therefore, the production rate of m 2 to first time jobs, pr (1) 2 , can be approximated by: p 2 − pr Similarly, machine m 1 assigns higher priority to second time jobs. Thus, its availability is p 1 , and m 1 is working on second time jobs if it is not blocked by b 2 or starved by b 0 , and we denote this production rate as pr Figure 3) .
Fig. 3. Equivalent four-machine serial lines
Due to conservation of flow, the system production rate will equal to the production rate for all machine and for both the first and second time jobs, i.e., pr
2 := pr. Therefore, the parameters of machines m i and m ′ i , i = 1, 2, equal to p i and p i − pr, respectively. Analogously, we can extend this idea to the general M > 2-machine re-entrant line (Figure 1 ) by approximating it using a 2M -machine serial line, as shown in Figure 4 , where the first M machines are pseudo machines with parameters p i − pr, and next M machines have reliability
Next, we present two procedures to approximate the production rate of the reentry lines. It is shown below that one procedure provides a lower bound for production rate estimation and the other gives a more accurate approximation.
B. Recursive Procedure 1) Analytical expressions:
Introduce operator P R(p 1 , . . . , p M , N 1 , . . . , N M −1 ) to denote the production rate calculation of a M -machine serial line, and p i and N i represent the machine reliability and buffer capacity, respectively (see [8] for details). Using this operator, the following recursive procedure is developed. Procedure 1:
(2) 2) Convergence: Let P R 1 denote the production rate obtained if Procedure 1 is convergent, where subscript "1" indicates the first procedure. It is shown below that this procedure does lead to a convergent result:
Theorem 1: Under assumptions 1)-7), recursive procedure 1 is convergent, therefore, the following limit exists:
Proof: See Appendix.
Corollary 1: Under assumptions 1)-7), the steady state equations of recursive procedure (1) have a unique solution.
Therefore, we obtain an estimate of the production rate of the re-entrant line in steady state, P R 1 .
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As a result, a total of 160 re-entrant lines are investigated. For each of these lines, both analytical method using Procedure 1 and simulation approach are pursued to evaluate system production rate. In each simulation, 10,000 cycles of warmup time are assumed, and the next 100,000 cycles are used for collecting steady state statistics. 20 replications are carried out to obtain the average production rate, with 95% confidence intervals consistently ranging within ±0.0001. The differences between analytical and simulation results are evaluated as
where P R and P R 1 are the production rates obtained by simulation and recursive procedure, respectively. The results of this investigation are illustrated in Figure  5 . It is shown that in all the cases we studied, Procedure 1 provides a lower bound for production rate estimation. Table  I presents the tightness of such a bound. It is shown that the bound is more tight for shorter lines, and the average discrepancy is typically within 10%. Since the bound is relatively tight, and it is conservative, we believe it provides a useful tool for design and analysis of re-entrant lines. C. Modified Recursive Procedure Procedure 1 presents a lower bound for performance evaluation (which may due to that assumptions 1)-7) define a block before service ( [8] ) model). In order to improve its accuracy, we modified the iterative equations by using N i +1 instead of N i . As a result, it provides higher estimation of system P R. The modified recursive procedure is presented below:
Procedure 2:
where pr(0) is calculated from (2) .
Similar to Procedure 1, the convergence of the modified algorithm and the uniqueness of the solution still hold:
Theorem 2: Under assumptions 1)-7), recursive procedure 2 is convergent, therefore, the following limit exists:
In addition, the steady state equations of (6) has a unique solution.
Proof: Similar to the proofs for Theorem 1 and Corollary 1.
Therefore, an estimate of the steady state production rate of the system, P R 2 , is obtained. The accuracy of this estimate is again investigated numerically using the same lines generated from (4). Similarly, introduce
The results of the analysis are shown in Figure 6 . Clearly, the new procedure provides more closed estimation of system production rate. Table II presents the measurement of discrepancy of the estimates. It is shown that ǫ 2 ranges typically within 5-10%. Considering that the data collected on the factory floor usually has 5 to 10% error, Procedure 2 provides an acceptable accuracy of system production rate estimation.
Remark 3: By using the serial line analysis operator P R(·) in Procedures 1 and 2, we can also obtain the workin-process of the system for buffers N ij , i = 1, 2, j = 1, . . . , M , and N 0 (see [8] for details). Applying the Little's law, the flow time (or cycle time) can be calculated.
Remark 4:
In some re-entrant systems, machines may have different parameters (e.g., processing rates, efficiencies, etc.) for the first and second time jobs. As it is shown in Figure 7 , each machine has two parameters p 1i and p 2i , i = 1, . . . , M , corresponding to the first and second time jobs, respectively. Clearly, Procedures 1 and 2 can be applied to such systems as well. In this case, the resulting 2M -machine serial line will have parameters p 1i −pr for first M machines, and p 2i for latter M machines (where, as before, pr can be solved from Procedures 1 or 2), i.e., the first equations in (1) and (6) Remark 5: Procedures 1 and 2 can be easily extended to study M -machine re-entrant line with more than twoprocessing of jobs (e.g., k > 2-time-processing). In this case, an equivalent kM -machine serial line can be used to approximate the system production rate. More details can be found in [21] .
MoRP-A01.1 D. Monotonicity
It has been shown in [8] that monotonicity holds in serial lines and assembly systems, i.e., improving machine reliability and/or increasing buffer capacity lead to improvement of system production rate. Similar properties are observed in re-entrant lines as well.
Corollary 2: Under assumptions 1)-7), the system production rates defined by (3) and (7) are monotonically increasing with respect to p i , i = 1, . . . , M , and N i , i = 0, 1, . . . , M − 1.
IV. CASE STUDY
Recursive procedures 1 and 2 have been applied to an automotive component plant to analyze the performance of an ignition processing system in the design phase. The structure of the system is illustrated in Figure 8 . 
By following the method developed in Section III, we introduce pseudo machines m , respectively. Using Procedures 1 and 2, the estimated production rates are obtained as 0.4830 and 0.4876, respectively. Compared to production rate obtained through simulation, 0.4854, the differences are -0.49% and 0.45%, respectively, which imply that the method developed here provides an accurate estimate. Therefore, the model can be used for further analysis to guide the design of the system.
V. CONCLUSIONS
Re-entrant lines are widely used in semiconductor, electronics, and many other manufacturing industries. Its design, operation, and continuous improvement deserve quick and accurate analysis of system performance. In this paper, we Fig. 9 . Structure of ignition component processing system present a method to approximate the system production rate of re-entrant lines with Bernoulli reliability of machines. The numerical results suggest that this method can provide an acceptable precision for system production rate estimation. A case study at an automotive component plant is used to illustrate the applicability of the method. In future work, the method will be extended to other machine reliability models (e.g., geometric, exponential, etc.). The successful development of such methods will provide production engineers a quantitative tool for design and continuous improvement of re-entrant lines.
APPENDIX: PROOFS
Due to space limitation, we present here only the sketches of the proofs. The complete proofs can be found in [21] .
Proof of Theorem 1: The convergence of the procedure is proved by induction.
Step 1: For s = 0, from initial condition (2) and recursive equation ( Step 2: Now assume pr(2k) > pr(2k + 2).
Step 3: From equation (1), it follows that pr(2k + 1) < pr(2k + 3) and pr(2k) > pr(2k + 1).
This results in pr(2k + 5) > pr(2k + 3) > pr(2k + 1),
In addition, pr(2k + 1) < pr(2k + 2). (A.3)
Step 4: By induction, we obtain a monotonically increasing sequence pr(1), pr(3), . . . , pr(2k + 1), pr(2k + 3), pr(2k + 5), . . ., and a monotonically decreasing sequence pr(0), pr(2), . . ., pr(2k), pr(2k + 2), pr(2k + 4), . . .. Both sequences are bounded (equation (A.3) ). Therefore,
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Procedure 1 is convergent. , again we arrive at a contradiction. Therefore, the only possibility is pr = pr, which implies that there is a unique solution.
Proof of Corollary 2:
We use Procedure 1 to prove this corollary. The corresponding argument with respect to Procedure 2 follows immediately.
First we show the monotonicity with respect to machine reliability. Consider two re-entrant lines. Line 1 has machines p 1 , . . . , p i−1 , p i , p i+1 , . . . , p M , and Line 2 has p 1 , . . . , p i−1 , p i , p i+1 , . . . , p M . Both lines have same buffer capacities. Denote the production rates of these two lines as pr and pr, respectively.
Assume that p i < p i , i ∈ {1, . . . , M }, and also assume we can show that pr < pr, which is a contradiction to (A.5). Therefore, we must have pr < pr, i.e., the system production rate is monotonically increasing with respect to p i .
Next, we show that production rate is monotonically increasing with respect to buffer capacity. Again consider two production lines, both have identical machines, and Line 1 has buffer capacities N 11 , . . . , N i , . . . , N 2,M −1 , and Line 2 has N 11 , . . . , N i , . . . , N 2,M −1 . Assume that N i < N i , i ∈ {0, 11, . . . , Similarly, due to monotonicity of serial lines, N i < N i , and from assumption (A.6), we can show that pr < pr, which again is a contradiction to assumption (A.6). Therefore, the only possibility is pr < pr, i.e., the system production rate is monotonically increasing with respect to buffer capacity N i .
